Abstract. Fix a Galois extension K/F of number fields such that the Galois group G has exponent 2. Let S be a finite set of primes of F containing the infinite primes and all those which ramify in K, let S K denote the primes of K lying above those in S, and let O S K denote the ring of S K -integers of K. We obtain non-trivial annihilators for the class group of O S K from the equivariant L-function θ S K/F (s) for K/F and the set S, regardless of the order of vanishing at the origin.
I. Introduction
Fix an abelian Galois extension of number fields K/F and let G denote the Galois group. Also fix a finite set S of primes of F which contains all of the infinite primes of F and all of the primes which ramify in K. Since it is fixed throughout, we will often suppress S in the notation. Associated with this data is an equivariant L-function, θ K/F (s) = θ S K/F (s), a meromorphic function of s ∈ C with values in the group ring C [G] . When the real part of s is greater than 1 it is defined as a product over the (finite) primes p of F that are not in S. Let Np denote the absolute norm of the ideal p and σ p ∈ G denote the Frobenius automorphism of p. Then Each component of this function extends meromorphically to all of C, and its behavior at s = 0 is connected with the arithmetic of K.
The ring of S-integers O S F of F is defined to be the set of elements of F whose valuation is non-negative at every prime not in S. When K = F , the function θ for Cl S K . Rather, the connection between leading terms of equivariant L-functions and annihilators of class groups appears in more recent conjectures of Burns [2] , and results of Buckingham [1] which had their origins in ideas of Snaith [5] .
To state our results, letĜ denote the group of characters of G and recall that the S-imprimitive Artin L-functions for a character ψ ∈Ĝ is defined as
so that using the idempotents e ψ = 1 |G|
K/F (ψ) to be the first nonzero coefficient in the Taylor series for L S K/F (s, ψ) at s = 0, one then puts
Next define a regulator as in Burns [2] . For each prime w ∈ S K , let | | w denote the corresponding normalized absolute value on K. 
by extension of scalars. In particular, suppose that we fix a Z[G]-module homomorphism
is a semisimple commutative ring and RU S K is finitely generated as a module over this ring, there exists a complementary
is a finitely generated free module. Using the identity map 1 P on P , one then obtains a well-defined regulator of f in R[G]:
Let r S (ψ) = r(ψ) denote the dimension of the R-vector space e ψ RU S K .
Our main result is the following theorem, proved in a slightly stronger form as Theorem 4.5 at the end of this paper. Remark 4.6 indicates how it may be strengthened further.
Main Theorem. Let K be a composite of a finite number of quadratic extensions of a number field F . Let S contain the infinite primes of F and those which ramify in K/F . Sup-
annihilate µ K , and let ψ be an irreducible character of G. Then |G| In a subsequent paper, we will detail the connections between their work and ours more fully.
Remark 2.
The principal Stark conjecture [6] states that |G|
, and is already known in the case of multiquadratic extensions.
¿From now on, we will omit the set of primes S from our notation. So
Proposition 2.1. For the principal character ψ 0 of Gal(K/F ), we have
Proof. Since ψ 0 is the inflation of the trivial character on Gal(F/F ), the functorial properties of Artin L-functions give
The result then follows from the analytic class number formula. Now assume that G = Gal(K/F ) has exponent 2, and let ψ be a non-trivial character of G. The image of ψ is a non-trivial cyclic group of exponent 2, hence of order 2. So ker(ψ) has index 2 in G. Let E ψ denote the fixed field of ker(ψ), a relative quadratic extension of F . Let H E ψ /F denote the cokernel of the natural map from Cl F to Cl E ψ that is induced by extension of ideals. Let τ ψ denote the generator of Gal(E ψ /F ). We will have occasion to fix a lift of τ ψ to an element of G, which we also denote by τ ψ . If M is a
and M α denote the kernel of multiplication by α.
Proposition 2.2.
Proof. First, ψ is induced from the non-trivial character of Gal(E ψ , F ), and this character is the difference between the regular representation of Gal(E ψ /F ) and the trivial character.
The functorial properties of Artin L-functions and the analytic class number formula then
A computation of Tate ([6, Thm. IV.5.4]) then shows that
and this completes the proof.
III. Computing R(f )
Lemma 3.1. Suppose that φ is an endomorphism of a finitely generated projective R-
where M 1 is a finitely generated projective R 1 -module and M 2 is a finitely generated projective R 2 -module, and
and e 2 are idempotents of R lying in R 1 and R 2 respectively, this may be written as
Proof.
a. Choose P so that M ⊕ P is a finitely generated free R-module with basis {b 1 , . . . , b k },
is a finitely generated free R -module with basis
Using these bases, it is clear that the matrix of φ⊕1 P is the same as the matrix of φ ⊕1 P , as the latter may be identified
b. Note that M 1 = e 1 M and M 2 = e 2 M. After choosing P so that M ⊕ P is a finitely generated free R-module, we see that e 1 (M ⊕ P ) = e 1 M ⊕ e 1 P = M 1 ⊕ e 1 P is a finitely generated free R 1 -module, making M 1 a finitely generated projective R 1 -module, and similarly M 2 is a finitely generated projective R 2 -module. Choosing a basis {b 1 , . . . , b k } for M ⊕ P over R clearly gives a basis {e 1 b 1 , . . . , e 1 b k } for e 1 M ⊕ e 1 P over R 1 , and the case of e 2 M ⊕ e 2 P is similar. Now if (r i,j ) = (e 1 r i,j ) + (e 2 r i,j ) is the matrix of φ ⊕ 1 P , then (e 1 r i,j ) is the matrix of φ 1 ⊕ 1 P 1 over R 1 , and similarly for
a. The following are equivalent:
b. We have the following equalities, the last one requiring that one of the equivalent conditions in (a) hold.
c. When G has exponent 2, we have
a. These are clear because µ K is the torsion subgroup of U R | e ψ RX K ) for each ψ ∈Ĝ. To do this, suppose that E is an intermediate field between F and K, and
For w ∈ S E , letw ∈ S K be a choice of a prime above
to N Hw . We let γ K/E : X E → X K denote the restriction of this map to X E . Similarly, let π K/E be the restriction to X K of the Z[G]-module map which sends each primew ∈ S K to the corresponding prime w of E, and note that the image of π K/E lies in X E . It is easy to see that γ K/E gives an isomorphism between X S E and N H (X S K ), and that for u ∈ U E , we have λ K (u) = γ K/E,R (λ E (u)). recall that r(χ) denotes the dimension of e χ RX E as a real vector space. Then
Proof. (See [6,I.6.4i]) By Proposition 3.2(c),
Thus we may follow this map with γ K/E,R • λ E,R = λ K,R | RU E and obtain
Restricting the isomorphism γ K/E,R : RX E → N H (RX K ) gives an isomorphism between e χ RX E = e ψ RX E and e ψ N H (RX K ) = |H|e ψ RX K = e ψ RX K . So, restricting the functions in the last displayed equation to e χ RX E and noting that π G/H (e ψ ) = e χ , gives
Since γ K/E,R | e χ RX E : e χ RX E → e ψ RX K has the inverse
Combining the displayed equations gives the result.
Lemma 3.4.
Suppose that E/F is relative quadratic and τ is the non-trivial automorphism of E over F . Let χ be the non-trivial character of G = Gal(E/F ) = τ . If
-module homomorphism with finite kernel, then
Proof. Let M = (X E : f (U E )), and let f 0 : U E /µ E → f (U) be the induced isomorphism.
Then the composite
For such a map, Tate ([6, I.6.3]) defines R(χ, g), and it is easy to see that the definition is equivalent to
By Proposition 3.2(a), f R is an isomorphism, and it is then clear from our definition of g
R . Since r(χ) equals the dimension of e χ RX E as a real vector space, we see from Proposition 3.2(b) that
On the other hand, the proof of [6, Prop. II.2.1] gives
As an abelian group, U E 1−τ is the direct product of its torsion subgroup U E 1−τ ∩ µ E and a free abelian group of rank r(χ). Using this and the definition of g, we have
2w E is torsion free and hence f is injective on this submodule, so we
Proposition 3.5. Suppose that G = Gal(K/F ) has exponent 2, ψ is a non-trivial character of G, and f :
-module homomorphism with finite kernel. Then
Proof. Let E = E ψ and H = ker(ψ) = Gal(K/E). Then ψ is the inflation of the nontrivial U F :→ X F with finite kernel, we have
is an injective Z-module map. Then as in the proof of Lemma 3.4,
On the other hand, the proof of [6, Prop. II.1.1] gives
As an abelian group, U F is the direct product of its torsion subgroup µ F and a free abelian group of rank |S| − 1. Using this and the definition of g, we have
w F is Z-torsion free and hence f is injective on this submodule, so
Proposition 3.7. Suppose that G = Gal(K/F ) has exponent 2, ψ 0 is the trivial character of G, and f :
Proof. Since ψ 0 is the inflation of the trivial character χ 0 on Gal(F/F ), and π G/G restricts to an R-module isomorphism from R[G]e ψ 0 = Re ψ 0 to Rσ 0 with π G/G (e ψ 0 ) = σ 0 , the result follows from Lemmas 3.3 and 3.6.
IV. Class Group Annihilators
Proposition 4.1. Suppose that G = Gal(K/F ) has exponent 2 and that f :
Proof. Combining Propositions 2.1 and 3.7 gives the coefficient of e ψ 0 . Using Propositions 2.2 and 3.5 for ψ = ψ 0 yields
Since σ(u) = u for σ ∈ H = Gal(K/E ψ ), we have n w = n σ(w) for each w. Fix a set of representatives {w i }, one for each distinct orbit of S K under the action of H, and write w i ∼ w if w i and w lie in the same orbit with cardinality d i . Then
Since the elements π K/E ψ (w i ) are distinct, this is zero if and only if each n w i is zero and hence f (u) = 0. Our assumption on f implies that this holds if and only if u ∈ µ K . So
Combining the displayed equations then gives the result. Proof. Write
Restricting to M, we define
Note that
Since (σ − 1)N H = 0 for each σ ∈ H, we have (α − β)N H = 0 and thus αN H = βN H , as desired.
2. Suppose that E is a quadratic extension of F in K, with H = Gal(K/E), and H ⊃ J = τ of order 2, so that G is the direct product of H and
1. Applying Lemma 4.2 with H = G and J trivial gives αN G = βN G with β ∈ Ann Z (µ F ) = w F Z. So β = cw F , giving the desired result.
First applying Lemma 4.2 with M = E gives
annihilates (µ E ) 1+τ on which τ acts as −1, we have
Therefore m − n ∈ Ann Z (µ E ) 1+τ = |(µ E ) 1+τ |Z, and m − n = d|(µ E ) 1+τ |. Finally,
Combining this with the first displayed equation gives the result. annihilates Cl
Proof. Let H = Gal(K/E ψ ) and let τ ψ be a fixed lift of a generator of Gal(E ψ /F ) to G.
Any element of Cl 
for some γ ∈ F . Thus the result follows from the displayed equations, with δ = γ
Next consider ψ = ψ 0 . Put H = Gal(K/E ψ ) and let τ ψ be a fixed lift of a generator of Gal(E ψ /F ) to G. Then 
Since this is an integer multiple of |C E ψ /F ||G|e ψ = |C E ψ /F |N H (1 − τ ψ ), the result follows from Proposition 4.4. that K( √ δ)/F is an abelian Galois extension in all cases. If F has a real embedding, and ψ = ψ 0 , the condition δ ∈ (E ψ ) 1+τ ψ suffices to imply that K(δ 1/w E ψ )/F is an abelian Galois extension, by application of [6, Proposition IV.1.2]. Indeed, E ψ (δ 1/w E ψ )/F is abelian by the criterion there since 1 + τ ψ annihilates µ Eψ in this case and δ 1+τ ψ = 1 which is a w E ψ -power.
